
International Journal of Mathematical Analysis and Research         

ISSN: 3108-2637 | Volume 1 Issue 2, 1-9, October-December 2025  

DOI: https://doi.org/10.64137/3108-2637/IJMAR-V1I2P101 

© 2025 This work is an open access and licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License 

(https://creativecommons.org/licenses/by-nc-nd/4.0/) 

  

Received: 04/10/2025    Revised: 08/10/2025    Accepted: 19/10/2025    Published: 22/10/2025 

 

 

 

 

 
 

 
DR. A. SUDHA 

Assistant Professor, Department of Mathematics, Wavoo Wajeeha women’s College of Arts and Science, Kayalpatnam - 628204, Tamil 

Nadu, India.  

 

ABSTRACT: In this paper, we introduce a new labeling edge total mean labeling. An edge total mean labeling f: V ∪ E → {1, 

2, ..., p + q} of a graph G = G(V, E) is a labeling of vertices and edges of a graph in such a way that for any two different 

edges uv and u' v' their mean  𝑚(𝑢𝑣) =
𝑓(𝑢)+𝑓(𝑢𝑣)+𝑓(𝑣)

3
 and 𝑚(𝑢′𝑣′) =

𝑓(𝑢′)+𝑓(𝑢′𝑣′)+𝑓(𝑣′)

3
 are distinct and the result in edge 

total means varies from 1,2,. . . ,q. A graph G is edge total mean graph if it admits edge total mean labeling. In this paper, we 

introduce a concept of edge total mean labeling of some graphs. 

 

KEYWORDS: Mean labeling, Total labeling, Total mean labeling, Edge total mean labeling, Cycle, Wheel, Helm, Closed 

helm, Double wheel, Fan, Double fan, Gear, Sun and flower graphs. 
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1. INTRODUCTION 
As a standard notation, assume that G = G (V, E) is a finite, simple and undirected graph with p vertices and q edges. Terms 

and terminology we follow as in Harary [2]. Graph labeling was first introduced by Alex Rosa in 1967. During the last five 

decades nearly 300 graph labeling techniques have been studied in over 2800 papers. A labeling of a graph is a map that carries 

graph elements to the numbers (usually to the positive or non-negative integers). The most common choices of domain are the 

set of all vertices (vertex labeling), the set of edge (edge labeling), or the set of all vertices and edges (total labeling). In 2003, 

Somasundaram and Ponraj [10] introduced the notion of mean labeling of graphs. Let G be a (p, q) graph. A graph G is called a 

mean graph if there is an injective function f from the vertices of G to {0, 1, 2, ..., q} such that when each edge uv is labeled 

with 
𝑓(𝑢)+𝑓(𝑣)

2
 if f (u) + f (v) is even, and 

𝑓(𝑢)+𝑓(𝑣)+1

2
 if f (u) + f (v) is odd, then the resulting edge labels are distinct. Several 

results have been published by several authors on mean labeling and its variations. An excellent survey of graph labeling is 

available in [1]. With the growing interest on the variations of the mean labelling, we naturally define edge total mean labeling 

as follows: 

 

An edge total mean labeling f : V ∪ E −→ {1, 2, . . . , p + q} of a graph G = G(V, E) is a labeling of vertices and edges of G in 

such a way that for any two different edges uv and u'v', their mean  𝑚(𝑢𝑣) =
𝑓(𝑢)+𝑓(𝑣)+1

3
  and 𝑚(𝑢′𝑣′) =

𝑓(𝑢′)+𝑓(𝑢′𝑣′)+𝑓(𝑣′)

3
  are distinct and the resulting edge total means varies from 1,2,. . . ,q. For integers a < b, we let [a, b] = {a, a 

+ 1, . . . , b}. 

 

The following definitions are used in the subsequent section to prove our main results. 

 

Definition 1.1. [9] A bijection f : V ∪ E → {1, 2, . . . , p + q} is said to be a total mean labeling if for each uv ∈ E(G), 𝑓 ∗

(𝑢𝑣) = [
𝑓(𝑢)+𝑓(𝑣)+𝑓(𝑢𝑣)

3
]  is distinct. A graph G is said to be a total mean labeling graph if it admits a total mean graph. 

 

Definition 1.2. [6] A corona product of two graphs G and H, denoted by G⊙H, is the graph that is obtained by placing a copy 

of G and |V (G)| copies of H so that all vertices in the same copy of H are joined with exactly one vertex of G, while each 

vertex of G is joined to exactly one copy of H. 

 

Definition 1.3. [3] The helm graph Hn is obtained from a wheel by attaching a pendant edge at each vertex of the n-cycle. Thus 

the vertex set of Hn is V (Hn) = {u, ui, ui : 1 ≤ i ≤ n} and the edge set of Hn is E(Hn) = {uui, uiui+1, uiui : 1 ≤ i ≤ n} with indices 

taken modulo n. 

 

Definition 1.4. [3] The closed helm graph CHn is obtained from a helm Hn by joining each pendant vertex to form a cycle. It 

contains three types of vertices: an apex of degree n, n vertices of degree 4 and n vertices of degree 3.  Thus the vertex set of 
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Hn is V (CHn) = {ui, ui, v: 1 ≤ i ≤ n} and the edge set is E(CHn) = {uui, uiui+1, uiui, uiui+1 : 1 ≤ i ≤ n} with indices taken 

modulo n. 

 

Definition 1.5. [1] The fan graph Fn can be constructed from a wheel by deleting one edge in Cn. Thus the vertex set of Fn is V 

(Fn) = {v, vi : 1 ≤ i ≤ n} and the edge set of Fn is E(Fn) = {uui : 1 ≤ i ≤ n} ∪ {uiui+1 : 1 ≤ i ≤ n − 1}. 

 

Definition 1.6. [4] The graph Pn + 2K1 is called a double fan graph DFn. 

 

Definition 1.7. [3] The gear graph Gn is obtained from the wheel Wn by subdividing each of its rim edge. It is also known as 

The Jahangir graph Jn,2.Thus the vertex set of Gn is V (Gn) = {u, ui, ui : 1 ≤ i ≤ n} and the edge set of Gn is E(Gn) = {uui, uiui, 

uiui+1 : 1 ≤ i ≤ n}, with indices taken modulo n. 

  

Definition 1.8. [1]The sun graph Sn, is a graph on 2n vertices obtained by attaching n-pendant edges to the cycle Cn. 

 

Definition 1.9. [3]The f lower graph Fln is obtained from a helm by joining each pendant vertex to the central vertex of the 

helm. Thus the vertex set of Fln is V (Fln) = {u, ui, ui : 1 ≤ i ≤ n} and the edge set of Fln is E(Fln) = {uui, uui, uiui+1, ui ui : 1 ≤ i 

≤ n}, with indices taken modulo n. 

 

2. MAIN RESULTS 
In this section, we establish that the graphs helm, closed helm, double wheel, fan, double fan, gear, sun and flower graphs 

admit edge total mean labeling. 

Theorem 2.1. A graph G=(V,E) be a (p,q) graph. If G admits Edge total mean labeling, then the maximum 

edge total mean labeling of G is q 

Proof. Let A graph G=(V,E) be a (p,q) graph. Suppose G admits Edge total mean labeling, from the 
definition of edge total mean labeling, means of the edges {1,2,. . . ,q},obviously maximum edge total mean 
labeling of G is equal to no of edges. 

Theorem 2.2. Let A graph G=(V,E) be a (p,q) graph. Suppose An edge total mean labeling f : V ∪ E → 
{1, 2, . . . , p + q} is bijection .Then G admits total mean labeling that is G is Total mean graph 

Proof. Let A graph G=(V,E) be a (p,q) graph. If G admits edge total mean labeling, suppose f : V ∪ E → 
{1, 2, . . . , p + q} is a bijection ,since edge total mean graph has distinct means from 1,2,. . . ,q, from the 
definition of total mean graph, its G admits total mean labeling .Hence G is a total mean graph. 

Corollary 2.3. Every Edge total mean graph is a Total mean graph if f is bijective 

Theorem 2.4. Every Edge total mean graph is not bijection 

Proof. Let G = (p, q) be an Edge Total mean graph. Since the graph f : V ∪ E −→ {1, 2, . . . , p +q}admits 

edge total mean labeling and the resulting means are {1, 2, . . . , q}. and G has q edges here the maximum means 

are q. minimum means 1. Since atleast one edge(two vertices) of G must contain the same number 1. Hence it is 

not objective. 

Theorem 2.5. The path graph pn, n ≥ 2 admits an edge total mean labeling.  

Proof.  Define f : V ∪ E −→ [1, 2n − 1] as follows: 

𝑓(𝑢𝑖) = {
1,    𝑖𝑓 𝑖 = 1 

𝑖 − 1 𝑖𝑓2 ≤ 𝑖 ≤ 𝑛; 

 

 

𝑓(𝑢𝑖  𝑢𝑖 + 1) = {
1,     𝑖𝑓 𝑖 = 1                    

𝑖 + 1,     𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛 − 1
 

 

From the definition of f, all vertex and edge labels are at most 2n − 1.The edge total means are m(uiui+1) = i, 1 ≤ i ≤ n. 

 

Hence, the edge total means form the set [1, n − 1]. Therefore, f is an edge total mean labeling. An example of edge total mean 

labeling of path graph P4 is shown in Figure 1. 



 Dr. A. Sudha: IJMAR 1(2), 1-9, 2025 

3 

 

FIGURE 1 Edge total mean labeling of P5 

 

 
Theorem 2.6. The corona product of Pn⊙P1 n≥ 2 admits an edge total mean labeling. 
 
Proof. |V (G)| = 2n, |E(G)| = 2n − 1. Define f : V ∪ E −→ [1, 4n − 1] as follows: 

𝑓(𝑢𝑖) = {
 1,   𝑖𝑓 𝑖 = 1

𝑖 − 1,       𝑖𝑓 𝑖 = 2 ≤ 𝑖 ≤ 𝑛;
 

𝑓(𝑣𝑖) = 3𝑛 − 2, 1 ≤ 𝑖 ≤ 𝑛; 

𝑓(𝑢𝑖𝑢𝑖 + 1) =  {
1,     𝑖𝑓 𝑖 = 1

𝑖 + 1,       𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛 − 1;
 

𝑓(𝑢𝑖𝑢𝑖) =  {
1,    𝑖𝑓 𝑖 = 1

2𝑖,   𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛 
 

From the definition of f, all vertex and edge labels are at most 4n − 1.The edge total means are  

m(uiui+1) = i, 1 ≤ i ≤ n − 1;  

m(viui) = n − 1 + i, 1 ≤ i ≤ n;  

m(uui) = 2n + i, 1 ≤ i ≤ n; 

 

Hence, the edge total means form the set[1, 2n − 1]. Therefore, f is an edge total mean labeling. An example of edge total mean 

labeling of P5⊙P1 is shown in Figure 2.                       

 

 
FIGURE 2 Edge total mean labeling of corona product of P5 and P1 

 

Theorem 2.7. The helm graph Hn, n ≥ 3 admits an edge total mean labeling. 

Proof. Define f : V ∪ E −→ [1, 5n + 1] as follows: 

f (v) = 5n + 1; 

𝑓(𝑣𝑖) = {
1,      𝑖𝑓 𝑖 = 1

𝑖 − 1,        𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛;
 

 

𝑓(𝑢𝑖𝑢𝑖 + 1) =  {

1,           𝑖𝑓 𝑖 = 1
𝑖 + 1,          𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛 − 1

2𝑛,         𝑖𝑓 𝑖 = 𝑛;
 

𝑓(𝑢𝑖) = 𝑛 − 1 + 𝑖, 1 ≤ 𝑖 ≤ 𝑛; 

𝑓(𝑢𝑖𝑢𝑖) =  {
2(𝑛 + 1)      𝑖𝑓 𝑖 = 1

2𝑛 + 2 + 𝑖 ,        𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛;
 

𝑓(𝑢𝑢𝑖) =  {
𝑛 + 1,    𝑖𝑓 𝑖 = 1

𝑛 + 2𝑖,    𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛.
 

 

 

From the definition of f , all vertex and edge labels are at most 5n + 1.The edge total means are 

m(vivi+1) = i, 1 ≤ i ≤ n;  

m(viui) = n + i, 1 ≤ i ≤ n;  

m(uui) = 2n + i, 1 ≤ i ≤ n; 

Hence, the edge total means form the set[1, 3n]. Therefore, f is an edge total mean labeling. An example of edge total mean labeling of helm 

graph H6 is shown in Figure 3. 
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FIGURE 3 Edge total mean labeling of H6 

 

Theorem 2.8. The closed helm graph CHn, n ≥ 3 admits an edge total mean labeling. 

Proof. Define f : V ∪ E −→ [1, 6n + 1] as follows: 

f (v) = 6n + 1; 

𝑓(𝑢𝑖) =  { 1,        𝑖𝑓 𝑖 = 1
𝑖 − 1,         𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛;

 

 

𝑓(𝑢𝑖𝑢𝑖 + 1) =  {

1,           𝑖𝑓 𝑖 = 1
𝑖 + 1,          𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛 − 1

2𝑛,         𝑖𝑓 𝑖 = 𝑛;
 

𝑓(𝑢𝑖) = 𝑛 − 1 + 𝑖, 1 ≤ 𝑖 ≤ 𝑛; 

𝑓(𝑢𝑖𝑢𝑖) =  {
2(𝑛 + 1)      𝑖𝑓 𝑖 = 1

2𝑛 + 2 + 𝑖 ,        𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛;
 

 

𝑓(𝑢𝑖𝑢𝑖 + 1) =  {
4𝑛 + 1 + 𝑖,     𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 − 1

6𝑛 + 1,              𝑖𝑓 𝑖 = 𝑛.
 

 

From the definition of f, all vertex and edge labels are at most 5n + 1.The edge total means are 

m(uiui+1) = i, 1 ≤ i ≤ n;  

m(uiui) = n + i, 1 ≤ i ≤ n;  

m(uiui+1) = 2n + i, 1 ≤ i ≤ n;  

m(vvi) = 3n + i, 1 ≤ i ≤ n;  

Hence, the edge total means form the set[1, 4n]. Therefore, f is an edge total mean labeling. An example of edge total mean 

labeling of closed helm graph CH6 is shown in Figure 4. 
 

FIGURE 4 Edge total mean labeling of CH6 
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Theorem 2.9. The double wheel graph DWn, n ≥ 3 admits an edge total mean labeling. 

Proof. Define f : V ∪ E −→ [1, 6n + 1] as follows: 

f (v) = 6n + 1; 

𝑓(𝑢𝑖) =  { 1,     𝑖𝑓 𝑖 = 1
𝑖 − 1,     𝑖𝑓2 ≤ 𝑖 ≤ 𝑛;

 

 

𝑓(𝑢𝑖𝑢𝑖 + 1) =  {

1,         𝑖𝑓 𝑖 = 1
𝑖 + 1,       𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛

2𝑛,       𝑖𝑓 𝑖 = 𝑛
 

𝑓(𝑢𝑖) = 𝑛 − 1 + 𝑖, 1 ≤ 𝑖 ≤ 𝑛; 
𝑓(𝑢𝑖𝑢𝑖) = 2𝑛 + 2𝑖, 1 ≤ 𝑖 ≤ 𝑛; 

𝑓(𝑢𝑖𝑢𝑖) =  {
1,      𝑖𝑓 𝑖 = 1

2𝑖 ,        𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛;
 

𝑓(𝑢𝑖𝑢𝑖 + 1) =  {
𝑛 + 1 + 𝑖,     𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 − 1;

3𝑛 + 1,              𝑖𝑓 𝑖 = 𝑛.
 

From the definition of f, all vertex and edge labels are at most 6n + 1.The edge total means are  

m(vivi+1) = i, 1 ≤ i ≤ n;  

m(uiui+1) = n + i, 1 ≤ i ≤ n;  

m(vui) = 3n + i, 1 ≤ i ≤ n;  

m(vvi) = 2n + i, 1 ≤ i ≤ n;  

Hence, the edge total means form the set[1, 4n].  

Therefore, f is an edge total mean labeling. An example of edge total mean labeling of double wheel graph DW6 is shown in 

Figure 5. 
 

FIGURE 5 Edge total mean labeling of DW6 

 
 

Theorem 2.10. The fan graph Fn, n ≥ 2 admits an edge total mean labeling.  

Proof. Define f : V ∪ E −→ [1, 3n] as follows: 

f (u) = 3n − 2; 

𝑓(𝑢𝑖) =  {
1,         𝑖𝑓 𝑖 = 1

𝑖 − 1,    𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛;
 

𝑓(𝑢𝑖𝑢𝑖 + 1) =  {
1,     𝑖𝑓 𝑖 = 1;

𝑖 + 1,              𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛 − 1.
 

𝑓(𝑢𝑢𝑖) =  {
1,     𝑖𝑓 𝑖 = 1

2𝑖,     𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛.
 

 

From the definition of f, all vertex and edge labels are at most 3n. The edge total means are 

m(vivi+1) = i, 1 ≤ i ≤ n; 

𝑚(𝑢𝑣𝑖) =  {
𝑛,        𝑖𝑓 𝑖 = 1

𝑛 + 𝑖 − 1,         𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛.
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Hence, the edge total means form the set [1, 3n]. Therefore, f is an edge total mean labeling. An example of edge total mean 

labeling of fan graph F7 is shown in Figure 6. 

 

FIGURE 6 Edge total mean labeling of F7 

Theorem 2.11. The double fan graph DFn, n ≥ 2 admits an edge total mean labeling. 

Proof. Define f : V ∪ E −→ [1, 4n + 1] as follows: 

f(u) = 3n − 2; 

f(v1) = f(v1v2) = 1; 

 𝑓(𝑣𝑖) = {
1,       𝑖𝑓 𝑖 = 1

𝑖 − 1,           𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛;
   

𝑓(𝑢𝑖𝑢𝑖 + 1) =  {
1,     𝑖𝑓 𝑖 = 1;

𝑖 + 1,              𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛 − 1;
 

𝑓(𝑢′) = 4𝑛 − 3; 

𝑓(𝑢𝑢𝑖) = {
1,     𝑖𝑓 𝑖 = 1

2𝑛,               𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛;
 

𝑓(𝑣𝑖𝑢
′) =  {

2(𝑛 + 1),      𝑖𝑓 𝑖 = 1

2(𝑛 + 𝑖) + 1,          𝑖𝑓2 ≤ 𝑖 ≤ 𝑛.
 

 

From the definition of f, all vertex and edge labels are at most 3n. The edge total means are 

m(vivi+1) = i, 1 ≤ i ≤ n; 

m(uvi) = n + i − 1, 1 ≤ i ≤ n; 

m(viu') = 2n + i − 1, 1 ≤ i ≤ n; 

Hence, the edge total means form the set[1, 3n − 1]. Therefore, f is an edge total mean labeling. An example of edge total mean 

labeling of double fan graph DF8 is shown in Figure 7. 

FIGURE 7 Edge total mean labeling DF8 
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Theorem 2.12. The gear graph Gn, n ≥ 3 admits an edge total mean labeling. 

Proof. Define f : V ∪ E −→ [1, 5n + 1] as follows: 

f (ui) = i; 1 ≤ i ≤ n; 

f (vi) = i; 1 ≤ i ≤ n; 

𝑓(𝑢𝑢𝑖) = {
1,     𝑖𝑓 𝑖 = 1

4𝑖 − 3,               𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛;
 

𝑓(𝑢𝑖𝑢𝑖 + 1) =  {
4𝑖 − 1,     𝑖𝑓 1 ≤ 𝑖 ≤ 𝑛 − 1

5𝑛 − 1,              𝑖𝑓 𝑖 = 𝑛;
 

𝑓(𝑢𝑢𝑖) = 𝑛 + 2𝑖 − 1, 1 ≤ 𝑖 ≤ 𝑛; 

𝑓(𝑣) = 5𝑛 + 1. 
From the definition of f, all vertex and edge labels are at most 3n. The edge total means are 

m(viui) = 2i − 1, 1 ≤ i ≤ n; 

m(uivi+1) = 2i, 1 ≤ i ≤ n; 

m(vvi) = 2n + i, 1 ≤ i ≤ n. 

Hence, the edge total means form the set[1, 3n]. Therefore, f is an edge total mean labeling. An example of edge total mean 

labeling of gear graph G8 is shown in Figure 8. 
 

FIGURE 8 Edge total mean labeling G8 

 

Theorem 2.13. The sun graph Sn, n ≥ 3 admits an edge total mean labeling. 

Proof. Define f : V ∪ E → [1, 4n] as follows: 

𝑓(𝑣𝑖) =  {
1,          𝑖𝑓 𝑖 = 1

𝑖 − 1,       𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛;
 

𝑓(𝑢𝑢𝑖 + 1) = {
1,       𝑖𝑓 𝑖 = 1

𝑖 + 1,     2 ≤ 𝑖 ≤ 𝑛 − 1;
2𝑛,        𝑖𝑓 𝑖 = 𝑛;

  

𝑓(𝑢𝑖) =  {
2𝑛,        𝑖𝑓 𝑖 = 1

2𝑛 + 1,      𝑖𝑓 2 ≤ 𝑖 ≤ 𝑛;
 

𝑓(𝑣𝑖𝑢𝑖) = 𝑛 + 𝑖 + 1; 1 ≤ 𝑖 ≤ 𝑛. 
 

From the definition of f, all vertex and edge labels are at most 4n. The edge total means are  

m(vivi+1) = i, 1 ≤ i ≤ n;  

m(viui) = n + i, 1 ≤ i ≤ n;  

Hence, the edge total means form the set[1, 2n]. Therefore, f is an edge total mean labeling. An example of edge total mean 

labeling of sun graph S8 is shown in Figure 9. 
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FIGURE 9 Edge total mean labeling of S8 

 

 

Theorem 2.14. The flower graph Fln, n ≥ 3 admits an edge total mean 

labeling. 

Proof. Define f : V ∪ E −→ [1, 6n + 1] as follows: 

f(v) = 5n + 1; 

f(v1) = f(v1v2) = 1; 

f(vi) = i − 1; 2 ≤ i ≤ n; 

f(vivi+1) = i + 1; 2 ≤ i ≤ n − 1; 

f(vivi+1) = i + 1; 2 ≤ i ≤ n − 1; 

f(vnv1) = 2n; 

f(ui) = n − 1 + i; 1 ≤ i ≤ n; 

f(v1u1) = 2(n + 1); 

f(vv1) = n + 1; 

f(vvi) = n + 2i, 2 ≤ i ≤ n; 

f(vui) = 3n + 2i; 1 ≤ i ≤ n. 

From the definition of f, all vertex and edge labels are at most 6n + 1. The 

edge total means are 

m(v1v2) = 1; 

m(vivi+1) = i, 2 ≤ i ≤ n − 1; 

m(vnv1) = n, 1 ≤ i ≤ n; 

m(v1u1) = n + 1; 

m(viui) = n + i, 2 ≤ i ≤ n; 

m(vv1) = 2n + 1; 

m(vvi) = 2n + i, 2 ≤ i ≤ n; 

m(vui) = 3n + i, 1 ≤ i ≤ n. 

Hence, the edge total means form the set [1, 4n]. Therefore, f is an edge total mean labeling. An example of edge total mean labeling of 

flower graph Fl8 is shown in Figure 10. 

FIGURE 10 Edge total mean labeling of Fl8 
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